


Specnal Instructlons/ Useful Data_ S e

R: . o Set of ail real numbers
.' @ | Set of all ratlonal numberé
P(A): Probability of an event A
iid.: independent and identically distributed

Exp(A): The exponential distribution with density

f(x;/1)={le_h’ x>0 150
: 0, otherwise,
N{u,0*): Normal distribution with mean g#€R and variance o> >0
12, . Central Student’s t-distribution with » degrees of freedom - :
i zz P -Cer_l_t_ral__Chi__?s_quaré. d_i.sf.ribution with .ciegrésas of freedom . -

D(x): umulatwe d1stnbut10nfunct10n of N(O 1) i
qD(x) '-Densny functlon of N(O 1) o

A= Complement of the event A

| ®(233)= 0. 99 _ .
E(X ): Expectation of a random variable X
Var(X):  Variance of a random variable X

Corr(X,Y): Correlation coefficient between random variables X and ¥

I(a)= J'e'"x"'1 dx, a>0

0
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IMPORTANT NOTE FOR CANDIDATES
Questions 1-10 (objective questions) carry two marks each, questions 11-20 (fill in the
blank questions) carry three marks each and questions 21-30 (descriptive questions)
carry five marks each.
The marking scheme for the objective type question, is as follows:
{a) For each correct answer, you will be awarded 2 (Two) marks.
(b) For each wrong answer, you will be awarded -0.5 (Negative 0.5) mark.
{c) Multiple answers to a question will be treated as a wrong answer.

(d) For each un-attempted question, you will be awarded 0 (Zero} mark.
{e) Negative marks for objective part will be carried over to total marks,

There is no negative marking for fill in the blank questions.

Write the answers to the objective questions in the Answer Table for Objective Questions
provided on page 4 only.

Q.1

Q.2

Q3

Objective Questions

let E and F be two events with P(E)=0.7,P(F)=04and P(ENF*)=0.4. Then
P(F|EUF*) isequal to

1 1 1 1

A) — — Cy — =
(A) 5 (B) 3 (€ (D) 3

' .. N | e +a, .
Let {an}n}1 be a sequence of positive real numbers such that lim—%== > Then lim is

= 3o a" n—oo
equal to

Y A
e 1 e 1

A) oo By —+-— c — D) —
(A) (B) R © 2 D) 2

Let f:[0,00)—[0,e=) be a twice differentiable and increasing function with f(0)=0.
Suppose that, for any ¢#=>0,the length of the arc of the curve y= f(x), x=20 between

x=0and x=¢ is %[(Hr)% -1i|. Then f(4)isequal to
@ = ® > © = ® =
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Q4

Q.5

Q6

Q.7

Q.8

Let f:R*— R be defined by

sm(Z(x +y ) 3‘ Si“[jﬂ
fly)= X+ y? ’
o, if (x,y)=(0,0),

if (x,y) = (0,0),

where o is a real constant. If f is continuous at (0,0}, then @ is equal to

@A) 1 B) 2 < 3 (D) 4

Let A be a 3x3 real matrix with eigenvalues 1, 2, 3 and let B= A" + A*. Then the trace of
the matrix B is equal to
01 85 97 101

(&) 5 (B) v ©) 3 D) v

Let X,,X,,..be a sequence of iid. random variables with variance 1. Then

iim ((X X )+(X -X )+ +(X""_ X?'") SXJ 13 Bqllill o
H—he= ‘J’_I
(A) D(x) (B) ®(2x) © @x/2) (D) q)[-fmj
J2

Let random sample from a  N(2,4)population. Let
X =§-9- Xl, S = \/———Z(X ~X)* and W =ﬁ§—t—2—.Them the distribution of W is

i=i =1
(A) /L'gs (B) ;5929 (C) 1y D) 1y

Let X,,X,,....X,,X,,, be arandom sample from a N(x,1) population. If X = ZX and

=]

n+l

T= é(z+ X .;). then for estimating u
(A) Tis unbiased and consistent (B) T is biased and consistent
(C) Tis unbiased and inconsistent (D) T is biased and inconsistent
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Q9

Q.10

Let X be an observation from a population with density

Axe®, if x>0,A>0,

0, elsewhere.

f(x)={

For testing H,:A=2 against H,:4 =1, the most powerful test of size a is given by “Reject
Hp if X > ¢”, where c is given by

W 1. ® A © 37 ® 7
A continuous random variable X has the density

f(x)=2 p(x) P(x), xeR.

Then

(A) E(X)>0 B) E(X)<0

(C) P(X <0)>0.5 @) P(X 20)<0.25
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the ‘Answer’ column against
each Question Number. Do not write anything else on this page.

Question
Number

Answer

Do not write
in this column

01

02

03

04

05

06

07

08

09

10

FOR EVALUATION ONLY

Number of Incorrect Answer
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Q.11

Q.12

Q.13

Fill in the blank questions

If X has the probability density function

f(x) =—1~--x‘"l e, x>0,>2, then Var (i) is equal to
I'(a) X

Let the joint density function of (X,¥)be
c(x+y), f-x<y<x O0<x<],
flxy)= :
0, otherwise.
Then the value of cis equal to

Let X be an observation from a population with density function f(x). Then the power of
the most powerful test of size a =0.19 for testing

x . Ix
—, fO0<x<?, . —, if Gex<?2,
Hy:f(x)=432 against H,:f(x}=4 8 *
0, otherwise, :

0, otherwise,

is equal to

Q.14 Bulbs produced by a factory F have lifetimes (in months) distributed as

Exp[—%} for i=1,2,3. A firm randomly procures 40% of its required bulbs from £, 30%

from F, and 30% from F,. A randomly selected bulb from the firm is found to be working
after 27 months. The probability that it was produced by the factory F, is



Q.15

Q.16

Q.17

Q.18

Let X,....,X, be arandom sample from a population with density

S (x 10) ={e

a0 i x>,
0, otherwise,
and let X, = min{X,,X,,..,X,}. Then (Xm 2log .5 X(”) ............... % confidence

interval for z.

Ten percent of bolts produced in a factory are defective. They are randomly packed in boxes
such that each box contains 3 bolts. Four of these boxes are bought by a customer. The
probablhty, that the boxes that this customer bought have no defective bolt in them, is equal to

........................................................................................................................................

Let f:R—R bedefinedby

_ X7, if xe@,
! (x)“{aﬂﬁ, if xe R-Q,

where arand £ are real constants. If f is differentiable at x=1 then the value of 3o+ f is

Let {an}m be a sequence of real numbers such that |a, IS\/I_l ,n=12,... Then

| { a_" ! (JEJ}
limqe® ++fnsin| ,[—
H—3cm n

1s equal to




Q.19

Q.20

Consider the linear system
ity+2z=a

x+dy+z=4
3y—z=y
in the unknowns x,y and z. If the above system always has a solution then the value of
o+ is equal to

____________________________________________________________________________________________________________________________

1

________________________________________________________________________



Q.21

Space for the answer

Descriptive questions

Consider the matrix

1 1 1
P={0 a f|.
a 0 B

If P has eigenvalues 0 and 3 then determine the values of the pair (&, f).



Iamsue a1 1o aoedg
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Q.22

Space for the answer

A

Let a function f:[0,1]— R be continuous on [0,1] and differentiable in (0, 1). If f(0)=1

and [ F(1)P +2f(1)=5, then prove that there exists a ce (0,1} such that f ’(C):_,) 3 {} oF
2 c

_________________________________________________________________________________________________________________________________________
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Q.23
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IamSUe Aty JoJ aoudg
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Q.24

Space for the answer

A

Let ~ D={(x,y)eR*:0<y<x<lland let f:D—>R be defined by
Flx, y)=x*~2xy+2, (x,y)eD. Then determine the maximum value of f in the region D.

___________________________________________________________________________________________________________________________________
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A

Q25 1let X,Yand Z be independent random variables with respective moment generating
functions M, (f) =1—1—-, t<l; M,(5)= elz =M,(t), te R. Let W=2X+Y"+Z" Then
- ~1
determine the value of P(W > 2).

R e L i L st LE LY T a
E 1
E '
i T
1 ]
1 t
] ]
] ]
1 i
4 ]
] '
' ]
' 1
i ]
' ]
] ]
] r
' ]
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] i
a '
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. 1
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T ]
] ]
i r
' ]
I i
1 1
4 ]
‘. '
] 1
¥ 1
3 '
T .
] ]
1 I
i ]
1 1
1 ]
1 i
] ]
] ]
i H
» ]
1 |
r ¥
¥ ¥

i

]

1

]

]

'

1

]

Space for the answer
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silver coin if the sum of the numbers shown on the upper faces in the second throw is the same
as the sum of the numbers in the first throw. What is the probability that he wins a gold or a

or 12 then Ram wins a gold coin. Otherwise, he rolls the pair of dice once again and wins a
silver coin?

Ram rolls a pair of fair dice. If the sum of the numbers shown on the upper faces is 5, 6, 10, 11

Q.26

Jamsue a1 10] 2oudg
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A

Q27 Let X,...,
(8, 28], €>0. Find the method of moments estimator and the maximum likelihood estimator
of 6. Further find the bias of the maximum likelihood estimator.

________________________________________________________________________________________________________________________________________

X, be a random sample from a unpiform distribution on the interval

Space for the answer
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Q.28

Space for the answer

A

Let (X,¥), (X,,7.) e be a sequence of iid. bivariate normal random variables with
E(X,)=75 E{,)=125, Var(X,)=36, Var(}))=16 and  Corr(X,,Y)) = 0.25. Let
5=12(X,.+}:.). Find the minimum value of n so that P(U <104) = 0.99.

N
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Space for the answer

The joint probability density function of (X,Y) is

| ST,
_e(lx.\)

, if x+y>1, x>0, y>0,
Jlxy)=12 ¢ 7o

0, otherwise.

Find the probability density function of X and E(Y | X =x), x>0.
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Q.30 Suppose that F is a cumulative distribution function, where
0, if x<0,
I—e™, if 0gx<«],
F{x)= :
if 1€£x<2,

1—e*, if x=>2.

1. Find all possible values of c.

1. Find P(0OS£X <25) and P(X =D+ P(X =12).

________________________________________________________________________________________________________________________________________

Space for the answer
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Space for rough work
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